Conformal field theories do not only classify 2D classical critical behavior but they also govern a certain class of 2D quantum critical behavior. In this latter case it is the ground state wave functional of the quantum theory that is conformally invariant, rather than the classical action. We show that the superconducting-insulating (SI) quantum phase transition in 2D Josephson junction arrays (JJAs) is a (doubled) c = 1 Gaussian conformal quantum critical point. The quantum action describing this system is a doubled Maxwell-Chern-Simons model in the strong coupling limit. We also argue that the SI quantum transitions in frustrated JJAs realize the other possible universality classes of conformal quantum critical behavior, corresponding to the unitary minimal models at central charge c = 1 − 6/m(m + 1). 05.30.Rt,74.81.Fa,11.15.Yc Conformal field theories describe the critical behaviour of systems at second order phase transitions [1] . In three dimensions, conformal invariance does not provide much more information than simple scale invariance. In two dimensions, instead, the infinite dimensionality of the conformal algebra leads to significant restrictions on allowed conformal field theories and, ultimately to a complete classification of possible 2D critical phenomena.
In a seminal contribution [3] it was shown that there exist 2D second-order quantum critical points that are also described by conformal field theories. In this case it is not the action of the effective field theory at the critical point that is conformally invariant but rather the ground state wave functional of the quantum theory. The idea is as follows. Suppose that the Schrödinger picture ground state wave functional of a quantum theory at a critical point is given by
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with Z = DφΨ[φ]Ψ [φ] . These are nothing else than the correlations of the Gaussian model [1] . This c = 1 universality class of quantum critical behavior has been called quantum Lifshitz theory [3] , since the prototype (nonrelativistic) action leading to the ground state functional (1) describes also three-dimensional Lifshitz points [4] . Several examples of theoretical models in this quantum universality class have been described in [3] . In this paper we shall describe another c = 1 conformal quantum critical point, one that is realized in nature as the superconducting-insulating (SI) quantum phase transition in 2D Josephson junction arrays. In addition we argue that the SI quantum transitions in magnetically frustrated arrays realize other universality classes of quantum critical behavior, those corresponding to the unitary minimal models [1] with central charge c = 1 − 6/m(m + 1).
JJAs are quadratic, planar arrays of superconducting islands with nearest neighbours Josephson couplings of strength E J . Each island has a capacitance C 0 to the ground; moreover there are also nearest neighbours capacitances C. The Hamiltonian characterizing such systems is thus given by
where boldface characters denote the sites of the twodimensional array, < xy > indicates nearest neighbours, V x is the electric potential of the island at x and Φ x the phase of its order parameter. The physics of JJAs is governed by the competition between quantized charges Q = q e j 0 = q e N n, n ∈ Z determining the potential via the Coulomb law (C 0 − C∆) V x = q e j 0 x and their canonically conjugate quantized vortices φ = φ 0 /q e = n2π/N q e , n ∈ Z, representing topological defects in the superconducting phase configuration. For generality we allow for any integer N in the Josephson coupling, so that the phase has periodicity 2π/N : obviously N = 2 (Cooper pairs) for the real systems.
In this paper we shall focus on the nearest-neighbours capacitance limit C ≫ C 0 , which is accessible experimentally and we will thus henceforth set C 0 = 0. In this regime the charging energy E C = q 2 e /2C and the Josephson coupling E J are the two relevant energy scales in the problem. These can be traded for one mass scale √ 2N 2 E C E J representing the Josephson plasma frequency and one massless parameter E C /E J which governs the quantum phase structure.
In [6] we have shown that planar JJAs can be mapped onto the strong coupling limit of a (2+1)-dimensional Abelian gauge theory with a mixed Chern-Simons (CS) term [7] (we use Greek letters for Minkowski space-time indices and Latin letters for 2D space indices),
where
The idea of this mapping is that j
1/2 )ǫ µνα ∂ ν a α represents the conserved current of vortices. The mixed Chern-Simons coupling generates the Aharonov-Bohm interactions between charges and vortices. The "electric" field g 0i encodes both the Josephson currents (transverse part) and the Coulomb interaction between vortices (longitudinal part). Correspondingly, the "electric" field f 0i encodes the Coulomb interactions between charges (longitudinal part). The transverse part of f 0i represents a bare kinetic term for the vortices: this contribution, which is absent in the original Hamiltonian (3), has to be added in order to expose the full duality between charges and vortices. Note, however, that such a vortex kinetic term is anyhow radiatively induced. This near-duality between charges and vortices has been often invoked in the literature [8] to explain the experimental quantum phase diagram at very low temperatures. The mapping (4) becomes exact in this self-dual approximation. This approximation may lead to a small displacement of the exact critical point but should not affect universal quantities.
The two massive parameters e 2 and g 2 are directly related to the JJA scales: e 2 = 2N E C , g 2 = (4π 2 /N )E J , while the dimensionless Chern-Simons coupling k determines the charge of the condensate k = N . The quantization of charges and vortices requires the gauge symmetries to be compact U (1) symmetries. On the lattice, the Chern-Simons coupling between the two degrees of freedom is thus invariant under shifts of the gauge link variables [6] 
so that j 0 = kn, n ∈ Z and φ 0 = n2π/k, n ∈ Z. The compactness of the gauge fields implies the existence of topological defects in the mixed Chern-Simons model. These represent the quantized charges and vortices of JJAs, the propagating modes with topological mass [7] m top = eg/2π corresponding instead to Josephson plasma oscillations. The condensation (or lack thereof) of these topological defects determines the phase structure of the theory. When electric topological defects (charges) condense, the array is a global superconductor, when magnetic topological defects (vortices) condense, the arrays is an insulator. Since the model is self-dual, the SI quantum phase transition at T = 0 lies exactly at the self-dual point e/g = 1 [6] . This quantum critical point is characterized by the fact that both topological excitations are dilute and, thus, is characterized by the continuum model (4) with e = g.
This model (4) is a strongly coupled gauge theory in the sense that the magnetic permittivity is much larger than the electric permeability, so that magnetic fields become negligible and the corresponding magnetic terms are absent from the action. This form of non-relativistic strong coupling limit of Maxwell-Chern-Simons theory has already been addressed in [9] for the case of a single gauge field.
To show that the quantum critical point is a conformal one we proceed to canonically quantize the theory (4) at this point, following [7] . The quantization will be performed in the Weyl gauge a 0 = 0 and b 0 = 0. The two canonical momenta conjugate to the canonical variables a i and b i are:
The Hamiltonian density, when written in canonical variables takes the form
The Gauss laws, implementing gauge invariance, are given by:
and must be imposed as conditions on physical states:
In this functional Schrödinger representation the energy eigenstates satisfy:
with the subsidiary conditions ( 9) . Following [7] we write the ground state functional as the product of a cocycle and a part that depends only on the transverse part of the two dynamical variables, a i T and b
with the projector P ij onto the transverse part of the gauge fields given by:
The ground state energy vanishes after subtracting the (infinite) zero point energy E 0 = k π TrP . Using the Hodge decomposition for the spatial components of the two gauge fields a i and b
i :
Two are the important points to stress about this result. First of all, the imaginary cocycle does not enter the computation of probabilities and equal time correlation functions. The longitudinal variables ξ and λ are thus irrelevant for these quantities, which is a consequence of gauge invariance. Secondly, in the strong coupling limit, the familiar non-local kernel for the transverse gauge fields in the ground state wave functional of MaxwellChern-Simons theory [7] becomes local, a simple contact term for a i T . This is the main origin of the appearance of the two free bosons in the ground state wave functional above.
As a consequence of this, equal-time expectation values of local operators O i of the dynamical fields φ and ψ in the ground state take the form:
with the normalization Z given by
Equation (14) implies that the equal-time quantum correlations of the dynamical fields φ and ψ are nothing else than the correlations of the (doubled) Gaussian model [1] with central charge c = 1. The universality class of the quantum SI critical point is thus that of quantum Lifshitz theory [3] .
Josephson junction arrays show a most interesting behavior in presence of offset charges on the superconducting islands or when subject to a uniform external magnetic field B [5] . In this latter case, the role of the dimensionless "magnetic charge" assigned to the islands is the frustration parameter f = Φ Φ0 , where Φ = BA is the magnetic flux piercing the array of area A and Φ 0 = 2π/κ is the quantum of magnetic flux. In the self-dual approximation, the two effects are the exact mirror of each other; we shall thus discuss only the latter case of magnetic frustration and concentrate exclusively on the correlations of the field ψ.
What has been observed in experiments [10] is that, for particular fractional values of the frustration f , the array behaves in a similar way as with zero magnetic field with the only difference that the position of the SI quantum phase transition is displaced from the self-dual point E C /E J = π 2 /2 to lower values. In other words, at specific values of the frustration f , the quantum critical point is conformal even in presence of an external dimensionful perturbation.
In particular, for square arrays, in which the frustration is due exclusively to the magnetic field, the observed fractions are f = 1/2, 2/5, 1/3, 1/4, .... For fully frustrated arrays with f = 1/2, the critical parameter E C /E J for the quantum transition is lowered by approximately 0.7 with respect to the non-frustrated case, with measurements having an error margin of 10%. We are not aware of reliable measurements of the critical point for other frustration fractions.
These results are interpreted as the formation of a vortex lattice commensurate with the underlying junction network, which completely shields the external magnetic field. A scaling theory of the 2D SI quantum phase transition based on the Bose condensation of these vortices has been developed by Fisher [11] . Here we would like to stress that this mechanism is very reminiscent of the binding of an even number of magnetic fluxes by electrons forming quantum Hall fluids at fractional filling [12] , with the only difference that in the present situation the magnetic field is totally screened. In the quantum Hall framework it is well known that the emerging composite electrons can be described by dressed vertex operators of conformal field theories [13] . We thus suggest to interpret the experiments on frustrated Josephson junction arrays in this light.
To make contact with the standard conformal field theory notation we shall proceed to a rescaling:
This has the consequence that the fields φ and ψ originally compactified on a circle of radius 2π/ √ k( see eq.
(5)) acquire the periodicity
and the ground-state functional becomes
where we have dropped the cocycle that does not contribute anyhow to probabilities. We shall thus assume that the quantum critical point in presence of magnetic frustration is described by exactly the same quantum ground state wave functional (17) but that a background charge representing the contribution of the shielding vortex lattice has to be included in vacuum expectation values. In conformal field theory [1] this is known as the Feigin Fuchs representation [14] , in which the shielding is formally implemented by a charge at infinity:
where the second expectation value is computed with the original ground state wave functional (17). When the external magnetic field is completely shielded, the charge at infinity is given exactly by the full frustration, so that the only non-vanishing correlations have i α i = f . This corresponds to a shift of the central charge and of the conformal dimensions [14] 
For particular values of the frustration f and of the coupling e/g there exist conformal field theories with a finite number of primary fields, for which the bootstrap algebra closes: these theories are called "minimal models" since they have a minimal number of possible excitations with respect to generic models for any values of f and e/g and are thus particularly robust. It is to be expected that the observed quantum conformal critical points in presence of external magnetic fields correspond exactly to these minimal models. This is the same stability principle that led to the prediction of the Jain hierarchy of quantum Hall fractions [12] from the minimal models of the infinite-dimensional algebra of quantum area-preserving diffeomorphisms [15] .
The minimal models exist for f = 2(p−q)/q and e/g = p/q for p and q co-prime integers. However, only if |p − q| = 1 are the corresponding theories unitary. Unitary minimal models can be parametrized by a single integer m ≥ 3 [14] and we obtain thus the following series of models
The first few predicted frustrations are thus f = 1/2, 2/5, 1/3, 2/7, 1/4 . . . .
Apart from 2/7, these are exactly the observed frustrations where a quantum critical point similar to the f = 0 one exists. Note also that the predicted critical coupling for the fully frustrated model with f = 1/2 is e/g = 3/4 = 0.75 well within the 10% error margin of the experimental value 0.7.
